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Abstract
The Dirac equation with the Coulomb potential is studied. It is shown that there exists
a new invariant in addition to the known Dirac and Johnson-Lippman ones. The solution
of the Dirac equation, using the generalized invariant, and explicit expressions for the
bispinors corresponding to the three sets of the invariants, their eigenvalues and quantum
numbers are obtained. The general solution of the Dirac equation with the Coulomb
potential is shown to contain free parameters, whose variation transforms one particular
solution into any other and controls spatial electron probability amplitude and spin po-
larization. The electron probability densities and spin polarizations are obtained in the
general form and calculated explicitly for some electron states in the hydrogen-like energy
spectrum. The spatial distributions of these characteristics are shown to depend essen-
tially on the invariant set, demonstrating physical difference of the states corresponding
to different invariants.
Keywords: Dirac equation with the Coulomb potential, operator invariants of the
Dirac equation, general solution of the Dirac equation, spin states.
1. Introduction
Fundamental role of the Dirac equation (DE) became evident very soon after its dis-
covery [1] (see [2, 3, 4]). In particular, study of particle motion in the Coulomb potential in
frame of the DE for hydrogen atom [5, 6] has shown the existence of the fine structure of its
levels. Dirac equation was studied in numerous papers [7, 8, 9, 10, 11], whose basic results
are summarised in textbooks on Quatum Mechaniscs (see, e.g., [2, 3, 4, 12, 13, 14, 15]).
It has been shown that DE admits exact solutions [5] which means that Dirac problem
with the Coulomb potential belongs to the class of integrable systems. It is known that
quantum integrable systems can be characterized by the set of independent commuting
operators H = {Hˆ1, Hˆ2, . . . , Hˆn}, where value n corresponds to the number of the degrees
of freedom, and where the setH includes the Hamiltonian and operators of the integrals of
motion, i.e., invariants. Dirac theory has demonstrated that particle motion attains new
features, so that such motion is characterized not only by spatial (orbital) coordinates, but
also by new ones, spin variables. In this way notion of "eigen" (or intrinsic) momentum,
spin, has been introduced. It turned out that the set of particle vector states is represented
by the tensor product of the corresponding spatial and spin spaces. Hence, integrability
of the system means also existence of the full set of four mutually commuting operators.
Preprint submitted to Elsevier September 22, 2020
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Worth to recall here that in the central-symmetric field integrals of motion are: the
total angular momentum Jˆ = LˆIˆ + (~/2)Σˆ, which is given by the sum of the orbital LˆIˆ
and spin Σˆ angular momenta, and introduced by Dirac operator IˆD . Here Iˆ is 4× 4 unit
matrix. This means that the setHD = {HˆD, Jˆ2, Jˆz, IˆD} with HˆD been Dirac Hamiltonian,
provides complete integrability of DE. This set allows to reduce initial system of four
partial differential equations for amplitudes of the spinor field to the system of two first
order ordinary differential equations for angular and radial functions of Dirac bispinor,
similar to nonrelativistic quantum mechanics in which separation of variables reduces
partial differential equations to ordinary ones.
Like existence of symmetries, integrals of motion additional to the number of the
degrees of freedom make the system degenerate which is manifested by degeneracy of the
corresponding energy levels. An example of such degeneracy is particle motion in the field
V ∼ 1/r. In this case there are additional invariants, namely, the Laplace–Runge–Lenz
vector in nonrelativistic theory (classical and quantum) and Johnson-Lippman operator
[16] for DE. Existence of the operator IˆJL provides not only this degeneracy, called an
accidental one, but allows also to write down equations for radial functions in various
equivalent representations (see above references). In [17, 18, 19] it has been shown that the
methods of supersymmetric quantum mechanics can be used to obtain the complete energy
spectrum and eigenfunctions of the DE. In this way the problem of hidden symmetries
has been studied in details, while principally new meaning of the found solutions was left
aside.
In all these studies it has been shown that independent of the representation used,
equations for radial functions are characterized by one hydrogen-like spectrum and one
type of these functions in "normal modes" representation. Nevertheless, due to non-
commutability of the operators IˆJL and IˆD, there should exist eigenbispinors of DE
corresponding to an alternative set HJL = {HˆD, Jˆ2, Jˆz, IˆJL}, different from those cor-
responding to the set HD. Finding explicit form of such bispinors is the aim of the
present paper. Also the differences in the spatial distributions of probability densities
and average spin values corresponding to different sets of invariants, will be analysed.
It is very probable that particular quantum states of hydrogen atom corresponding to
each set of invariants, can be realized depending on the chosen conditions of the given
experiment, under which the appearance or the value of the observable parameter is
determined by matrix elements connected with external effects, such as electromagnetic
fields, presence of other particles, etc. So one can hope that experimental technique will
be developed, allowing to measure structure of atomic and molecular orbitals. In this
respect we remind that the shape of Stark states of hydrogen atom have been already
found [20].
The paper is organized as follows. First, in Section 2, we will define explicit form
of all invariants including the new one. Then, in Section 3, solution of DE for the so-
called generalized invariant and expressions for the corresponding bispinors for each set of
invariants including the given invariant, are presented. Here we also calculate eigenvalues
and determine their quantum numbers. Finally, in Section 4, the analysis is given of
probability densities and spin polarizations for some of these states. The latter are shown
to depend essentially on the invariant set they belong to.
2
2. Basic remarks
Wave DE [2, 3, 4]
i~
∂Ψ
∂t
= HˆΨ, Hˆ = c
(
pˆ− e
c
A(r)
)
αˆ+ eϕ(r)Iˆ +mc2βˆ (1)
is the basis of the relativistic theory of electron in external electromagnetic field given
by scalar ϕ(r) and vector A(r) potentials. Here operator Hˆ is called Dirac Hamiltonian,
Ψ(r, t) = (ψ1(r, t) ψ2(r, t) ψ3(r, t) ψ4(r, t))
T is four-component amplitude of spinor field
(4-spinor, or bispinor), c is speed of light , −e is electron charge, pˆ = −i~∇ is momentum
operator, βˆ and components αˆj (j = x, y, z) of the vector-matrix αˆ =
∑
j ejαˆj together
with the unit matrix Iˆ are 4× 4 Hermitian Dirac matrices (DM).
In time-independent fields, the states Ψ(r, t) = Ψ(r) exp (−iEt/~) with total energy
E are determined by stationary DE
HˆΨ = EΨ. (2)
It has been long ago shown by Darwin [5] that DE with the Coulomb potential created
by point positive charge Ze, so that A = 0, eϕ(r) = −Ze2/r and
Hˆ = cpˆαˆ+ V (r)Iˆ +mc2βˆ, V (r) = −Ze2/r, (3)
admits exact solutions. The corresponding eigenfunctions describe states of both dis-
crete and continuous spectra with the corresponding sets of quantum numbers. In their
determination an important role belongs to the sets of physical parameters measurable
simultaneously with the energy. In particular, for DE with the Hamiltonian (3) such
invariants are given by the components of the total angular momentum
Jˆ = LˆIˆ +
~
2
Σˆ . (4)
Here Lˆ = r × pˆ is operator of the orbital momentum, and (~/2) Σˆ is operator of spin
angular momentum, called "spin" for short.
Since the components Jˆ do not commute with each other, usually operator of one of
its component, namely Jˆz, and square of the operator of total angular momentum Jˆ2 are
choosen as the invariants. Dirac operator1
IˆD = ρˆ3
(
Σˆ · Lˆ + ~
)
(5)
also commutes with the Hamiltonian (3) [2]. The full set of mutually commuting operators
of HD determines eigenbispinors.
In the Coulomb potential Johnson-Lippman operator [16]
IˆJL = mZe
2
r
Σˆ · rˆ− i
c
IˆDρˆ1
(
Hˆ −mc2ρˆ3
)
, (6)
1Dirac operator usually is denoted as Kˆ, and Johnson-Lippman operator (6) is denoted as Aˆ. Here we
use Dirac matrices representation ρˆ1, ρˆ2, ρˆ3(≡ βˆ) and Σˆ, whose explicit form can be found e.g. in [19]
3
is also an integral of motion. It does not commute with (5) which indicates the possibility
to describe eigenstates of this Hamiltonian using eigenfunctions which correspond to the
set HJL = {Hˆ, Jˆz, Jˆ2, IˆJL}.
It turns out that not only the operators (5) and (6) determine invariants commuting
with the Hamiltonian Hˆ, but there exists another one, whose operator
IˆBEL = 1
2i
[
IˆD, IˆJL
]
(7)
commutes with Hˆ, but does not commute with either operator it is constructed of. Hence,
the set HBEL = {Hˆ, Jˆz, Jˆ2, IˆBEL} defines its own system of eigenfunctions, different from
the previous one.
It is easy to show that operators of the given invariants anticommute with each other
{IˆJL, IˆD}+ = {IˆBEL, IˆD}+ = {IˆBEL, IˆJL}+ = 0. (8)
Each concrete set {Hˆ, Jˆ2, Jˆz, Iˆinv} corresponds to its state vectors |ε, j,mj, inv〉 with
quantum numbers that are defined by equations
Hˆ|ε, j,mj, inv〉 = mc2ε|ε, j,mj, inv〉,
Jˆ2|ε, j,mj, inv〉 = ~2j (j + 1) |ε, j,mj, inv〉,
Jˆz|ε, j,mj, inv〉 = ~mj|ε, j,mj, inv〉,
Iˆinv|ε, j,mj, inv〉 = inv|ε, j,mj, inv〉.
(9)
Here notation is used ε = E/mc2, j is quantum number of total angular momentum, mj
is its projection on the polar axis, inv is eigenvalue of the operator Iˆinv.
While the quantum numbers that characterize discrete and continuous spectra, are
determined by solutions of the DE, the eigenvalues of the operators Jˆ2 and Jˆz equal to
~2j (j + 1) and ~mj, respectively, are defined algebraically from the commutation relations
for the components of the operator Jˆ. Here j takes positive half-integer values and mj
are half-integer values in the interval −j ≤ mj ≤ j. Eigenvalues of the invariants can
be obtained directly from the expressions for their squares Iˆ2D [8], Iˆ2JL [19] and Iˆ2BEL
that determine squares of the eigenvalues 2D, 2JL and 2BEL. This gives the following
expressions for the eigenvalues of the given invariants
D = ±~κj, κj = j + 1/2, (10)
JL = ±mZe2aε,j, aε,j =
√
1− κ
2
j
Z2α2
(1− ε2), (11)
BEL = ±~mZe2κjaε,j, (12)
where α = e2/~c is Sommerfeld fine structure constant.
Hence, one of the quantum numbers characterising vector states in (9), is the num-
ber σinv = ± which determines signs of the eigenvalues of the corresponding invariant
operator. Vector states |ε, j,mj, σinv〉 of different invariant sets correspond to different
eigenbispinors of DE with different spatial properties. Since there exists more than one
such set, one can introduce generalized invariant as an arbitrary linear combination
Iˆgen = cD~ IˆD +
cJL
mZe2
IˆJL + cBEL~mZe2 IˆBEL, (13)
4
where free constants cD, cJL and cBEL determine weight contribution of the corresponding
invariants. Similar to the case of quantum well potential studied in [21], one can show
that using generalized invariant in the set of mutually commuting operators inevitably
leads to solutions with free parameters, so that their variation transforms one solution
into any other. Explicit form of such generalized invariant and solution of DE with the
Coulomb potential have not been studied before and are the main aims of the present
paper.
3. Solution of Dirac Equation
Equation (2) is, in fact, a system of four equations for the corresponding components
ψν (ν = 1, 2, 3, 4), which acquire the explicit form after chosing DM. Below we use their
conventional form and represent 4 × 4-dimensional matrices via 2 × 2 ones. In this case
the Hamiltonian (2) takes the form
HˆD =
(
(V (r) +mc2) Iˆ2 cσˆpˆ
cσˆpˆ (V (r)−mc2) Iˆ2
)
, (14)
in which Iˆ2 is a unit 2× 2 matrix, and σˆj (j = x, y, z) are Pauli matrices, σˆ =
∑
j ejσˆj.
In this representation matrix operators of the invariants take the following forms:
matrix of the total angular momentum reads as
Jˆz = Lˆz Iˆ +
~
2
Σˆz =
(
Lˆz Iˆ2 +
~
2
σˆz 0
0 Lˆz Iˆ2 +
~
2
σˆz
)
, (15)
Jˆ2 ≡ Jˆ2 =
 (Lˆ2 + 34~2) Iˆ2 + ~σˆLˆ 0
0
(
Lˆ2 + 3
4
~2
)
Iˆ2 + ~σˆLˆ
 , (16)
Dirac invariant operator (5) reads as
IˆD =
(
Λˆ 0
0 −Λˆ
)
, Λˆ = σˆLˆ + ~Iˆ2 =
(
Lˆz + ~ Lˆx − iLˆy
Lˆx + iLˆy −Lˆz + ~
)
, (17)
and Johnson-Lippman operator (6) reads as
IˆJL =
(
σˆAˆ+ i(Ze
2/cr)Λˆ
−i(Ze2/cr)Λˆ −σˆAˆ−
)
. (18)
Here
Aˆ± =
1
2
(
Lˆ× pˆ− pˆ× Lˆ
)
±mZe2 r
r
(19)
is vector Laplace-Runge-Lenz operator.
The explicit expression of the invariant (7) can be obtained by direct calculation of
the commutator which gives
IˆBEL =
(
σˆAˆ+ Ze2cr Λˆ2
Ze2
cr
Λˆ2 σˆAˆ−
)
, (20)
5
where Λˆ has been defined above (see (17)), and the notatoion for the operator is used (cp.
(19))
Aˆ± = 1
2
(
Lˆ× Aˆ± − Aˆ± × Lˆ
)
. (21)
Taking into account the block form of DM, one can represent the bispinor as
Ψ (r) =
(
ψ(u) (r)
ψ(d) (r)
)
, ψ(u) =
(
ψ(1) (r)
ψ(2) (r)
)
, ψ(d) =
(
ψ(3) (r)
ψ(4) (r)
)
. (22)
Here ψ(u/d) are its upper/lower spinors, respectively, with the components ψ(ν) and ψ(ν+1),
where ν = 1 for the upper bispinor, and ν = 3 for the lower one.
In the central-cymmetric potential in all invariant sets, described above, operators
Hˆ, Jˆz and Jˆ2 are common. Therefore, in all these cases bispinor (22) ought to satisfy
equations
Jˆ2Ψj,mj = ~2j (j + 1) Ψj,mj , JˆzΨj,mj = ~mjΨj,mj ,
whose solutions can be found in spherical coordinate system.
3.1. Eigenbispinors of the invariant Jˆz
In spherical coordinate system one has Lˆz = −i~(∂/∂ϕ). It follows from the matrix
form (15) that upper ψ(u) and lower ψ(d) spinors in the equality JˆzΨmj = ~mjΨmj satisfy
the same equation:
~
( −i ∂
∂ϕ
+ 1
2
0
0 −i ∂
∂ϕ
− 1
2
)(
ψ
(ν)
mj (r)
ψ
(ν+1)
mj (r)
)
= ~mj
(
ψ
(ν)
mj (r)
ψ
(ν+1)
mj (r)
)
. (23)
Its solutions are given by functions ψ(ν)mj (r) = exp (imνϕ)ψ(ν) (r, ϑ), where ϕ, ϑ are az-
imuthal and polar angles, and integer numbers mν are connected via the relations
mν = m1 = mj − 1/2, mν+1 = m2 = mj + 1/2. (24)
Thus, from equation JˆzΨ = ~mjΨ we obtain the dependence of the bispinor (22) compo-
nents on angle ϕ:
ψ(u/d) (r) = ψ(u/d)mj (r) =
(
eim1ϕψ(ν) (r, ϑ)
eim2ϕψ(ν+1) (r, ϑ)
)
,
m1 = mj − 1/2,
m2 = m1 + 1 = mj + 1/2.
(25)
3.2. Eigenbispinors of the invariant Jˆ2
The identity
(
σˆLˆ
)(
σˆLˆ
)
= Lˆ2−~σˆLˆ allows us to represent Legendre operator in the
spinor form [9] Lˆ2 = Λˆ2 − ~Λˆ and represent invariant (16) as
Jˆ2 =
(
Λˆ2 − (~2/4)Iˆ2 0
0 Λˆ2 − (~2/4)Iˆ2
)
,
and equality Jˆ2Ψj,mj = ~2j (j + 1) Ψj,mj leads to a single equation for upper and lower
spinors, similar to the above, namely to the equation(
Λˆ2 − (~2/4)Iˆ2
)
ψ
(u/d)
j,mj
(r) = ~2j (j + 1)ψ(u/d)j,mj (r) (26)
6
which includes the operator
Λˆ =
 −i~ ∂∂ϕ + ~ ~e−iϕ (− ∂∂ϑ + i cosϑsinϑ ∂∂ϕ)
~eiϕ
(
∂
∂ϑ
+ i cosϑ
sinϑ
∂
∂ϕ
)
i~ ∂
∂ϕ
+ ~
 . (27)
The operators of invariants (17), (18) and (20) also include operator Λˆ, therefore, it
is possible to find the solutions of corresponding eigenvalue problems via eigenspinors of
(27). This matrix includes variables ϑ and ϕ, only, and its eigenspinors, according to (23),
ought to be of the form
χλ (ϑ, ϕ) =
(
f (ν)(ϑ) exp (im1ϕ) , f
(ν+1)(ϑ) exp (im2ϕ)
)T
.
The equation Λˆχλ = λχλ (see Appendix) leads to two spherical harmonics spinors (A.7)-
(A.8), one of which corresponds to the positive eigenvalue λ+ = ~ (l + 1) > 0, and the
other one – to the negative, λ− = −~l < 0.
Spinors (A.7) and (A.8) are orthonormalized and satisfy the following equations [4]
σˆrχl,mj ,+ = iχl+1,mj ,−, σˆrχl,mj ,− = −iχl−1,mj ,+, (28)
where
σˆr = σˆr/r =
(
cosϑ e−iϕ sinϑ
eiϕ sinϑ − cosϑ
)
, σˆ2r = Iˆ2 (29)
is a unit matrix which anticommutes with the operator Λˆ.
Equation (26) allows two types of solution. When ψ(u/d) ∼ χl,mj ,+ is chosen, Eq.
(26) is satisfied by spinor (A.7) with l = j − 1/2, i.e. ψ(u/d)j,mj ∼ χj−1/2,mj ,+. In the case
ψ(u/d) ∼ χl,mj ,− it is necessary to put l = j+1/2, hence, the solution is ψ(u/d)j,mj ∼ χj+1/2,mj ,−.
It is easy to note that
Λˆχj∓1/2,mj ,± = ±~
(
j +
1
2
)
χj∓1/2,mj ,± = ±~κjχj∓1/2,mj ,±. (30)
Therefore, χj∓1/2,mj ,± are eigen spinors of Λˆ with eigenvalues equal by absolute value
κj = j + 1/2 (that belongs to the series of natural numbers) with opposite signs.
In the general case the solution of Eq. (26) is given by the linear combination
ψ
(u)
j,mj
= F (+) (r)χj−1/2,mj ,+ (ϑ, ϕ) + F
(−) (r)χj+1/2,mj ,− (ϑ, ϕ) ,
ψ
(d)
j,mj
= G(+) (r)χj−1/2,mj ,+ (ϑ, ϕ) +G
(−) (r)χj+1/2,mj ,− (ϑ, ϕ) ,
(31)
where the coefficients at spherical harmonics spinors can depend on r, only, and their
upper indeces (±) indicate at which spinor, corresponding to positive or negative eigen
value Λˆ, this coefficient stands in upper F (±) or lower G(±) spinor.
3.3. Eigenbispinors of the Hamiltonian Hˆ
In representation (14) and (22) DE is given by the following system of equations
(E + Ze2/r −mc2)ψ(u) − cσˆpˆψ(d) = 0,
−cσˆpˆψ(u) + (E + Ze2/r +mc2)ψ(d) = 0. (32)
7
To write down the above equations in polar coordinates, one can use the identity2
(σˆpˆ) (σˆr) /r =
(
pˆr− iσˆLˆ
) 1
r
= pˆr − i
r
Λˆ,
where pˆr = −i~ (∂/∂r + 1/r) = (−i~/r) (∂/∂r) r is Hermitian operator of the radial
momentum (projection of operator pˆ on the direction r), and transform nondiagonal part
in system (32) to the form
σˆpˆ = (σˆpˆ) σˆ2r =
(
pˆr − i
r
Λˆ
)
σˆr. (33)
Substituting now spinors (31) in DE and taking into account Eq. (33) and equal-
ities (28) which determine action of the matrix σˆr on spherical spinors and which are
eigenspinors of the operator Λˆ, we get from Eq. (32) the following equalities:[
c
(
ipˆr +
~κj
r
)
F (−) +
(
E + Ze
2
r
+mc2
)
G(+)
]
χj−1/2,mj ,++
+
[
c
(
−ipˆr + ~κjr
)
F (+) +
(
E + Ze
2
r
+mc2
)
G(−)
]
χj+1/2,mj ,− = 0,[
c
(
ipˆr +
~κj
r
)
G(−) +
(
E + Ze
2
r
−mc2
)
F (+)
]
χj−1/2,mj ,++
+
[
c
(
−ipˆr + ~κjr
)
G(+) +
(
E + Ze
2
r
−mc2
)
F (−)
]
χj+1/2,mj ,− = 0.
In view of the independence of spinors χj−1/2,mj ,+ and χj+1/2,mj ,−, these relations are
valid at zero values of their "coefficients", resulting to the differential equations for radial
functions F (±)(r) and G(±)(r). It is easy to see that this system of four equations reduces
to two independent pairs of ordinary differential equations of the first order, one – for
functions F (+)(r) и G(−)(r), and the second one – for functions F (−)(r) and G(+)(r):
∓~c
r
d
dr
rF (±) + ~cκj
r
F (±) +
(
E + Ze
2
r
+mc2
)
G(∓) = 0,
±~c
r
d
dr
rG(∓) + ~cκj
r
G(∓) +
(
E + Ze
2
r
−mc2
)
F (±) = 0.
(34)
Similar equations for radial functions are well known and their solutions can be found in
many textbooks (e.g., [4, 12, 3]). The corresponding solutions are exact and expressed via
hypergeometric functions [5, 6] or via generalized Laguerre polynomials [7, 2, 3, 4, 12, 15]).
Asymptotics of these functions depends on energy and at large distances r → ∞ is
given by expressions
R(u/d) ∼ e−κr, κ ∼ √m2c4 − E2, at E2 < m2c4,
R(u/d) ∼ e±ikr, k ∼ √E2 −m2c4, at E2 > m2c4, (35)
where κ is spatial decrement, and k is wavenumber. In the first case the above solution
corresponds to discrete bound states, and in the second one it describes free states of
continuous spectrum.
Radial functions can be found expanding solutions into power series (see, e.g., [12]).
It is convenient to introduce functions f (±) = rF (±) and g(±) = rG(±) and dimensionless
2This transformation, based on Pauli matrices algebra, is equivalent to transformations of DE using
DM algebra [12, 8].
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coordinate ξ = (mc/~) r, where ~/mc is Compton wavelength of electron. This transforms
Eqs. (34) into the system of equations for functions f (±)(ξ) and g(±)(ξ). The solutions in
the discrete spectrum can be searched for in the form [12]
f (±) (ξ) = e−κξu(±) (ξ) , u(±) (ξ) = ξγ
∑∞
n=0 b
(±)
n ξn,
g(±) (ξ) = e−κξv(±) (ξ) , v(±) (ξ) = ξγ
∑∞
n=0 d
(±)
n ξn,
(36)
where
κ =
√
1− ε2, ε = E/mc2 < 1 (37)
are dimensionless damping and energy, and value γ accounts for the principal possibility
of the existence of power series with non-integer powers.
Substituting such functions into Eq. (34), we come to equations
∓du(±)
dξ
+
(
κj
ξ
± κ
)
u(±) +
(
1 + ε+ Zα
ξ
)
v(∓) = 0,
∓dv(∓)
dξ
−
(
κj
ξ
∓ κ
)
v(∓) +
(
1− ε− Zα
ξ
)
u(±) = 0,
(38)
in which α is the fine structure constant introduced in (11). For functions u(ξ) and v(ξ)
in the form of series (36), Eqs. (38) transform to power expressions. Then one can see,
that Eqs. (38) can be satisfied provided coefficients at all powers of variable ξ are equal
zero [12]
(γ ∓ κj) b(±)0 ∓ Zαd(∓)0 = 0,
±Zαb(±)0 + (γ ± κj) d(∓)0 = 0
(39)
for n = 0, and
(n+ 1 + γ ∓ κj) b(±)n+1 ∓ Zαd(∓)n+1 = κb(±)n ± (1 + ε) d(∓)n ,
±Zαb(±)n+1 + (n+ 1 + γ ± κj) d(∓)n+1 = ± (1− ε) b(±)n + κd(∓)n
(40)
for all n > 0.
Equations (39) represent the system of homogenous linear equations for coefficients
b
(±)
0 , d
(∓)
0 which admit nontrivial solution provided the equality takes place
γ ≡ γj =
√
κ2j − Z2α2, (41)
where the square root has positive sign, only, as it follows from the condition of the
convergence of normalization integral. This sign of γ in Eqs. (39) implies the relation√
κj ∓ γjb(±)0 +
√
κj ± γjd(∓)0 = 0. (42)
Similar relations for coefficients with n > 0 follow from Eqs. (40) and definition κ (see
(37)): (
n+ γj ∓ κj√
1 + ε
− Zα√
1− ε
)
b(±)n ∓
(
n+ γj ± κj√
1− ε +
Zα√
1 + ε
)
d(∓)n = 0. (43)
Equations (40) as the system of inhomogenous linear equations allows to express the
coefficients b(±)n+1 and d
(∓)
n+1 via b
(±)
n and d(∓)n , respectively, and using equalities (42), (43),
we can write down recurrent relations
b
(±)
1 =
(1+γj±κj)κ+Zα(1−ε)
1+2γj
(
1∓
√
(κj∓γj)(1+ε)
(κj±γj)(1−ε)
)
b
(±)
0 ,
b
(±)
n+1 = 2
[(n+1+γj±κj)κ+Zα(1−ε)][(n+γj)κ−Zαε]
(n+1)(n+1+2γj)[(n+γj±κj)κ+Zα(1−ε)] b
(±)
n , n ≥ 1
(44)
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for the coefficients of the series u(±) (ξ). Similarly, we get recurrent relations
d
(∓)
1 =
(1+γj∓κj)κ−Zα(1+ε)
1+2γj
(
1∓
√
(κj±γj)(1−ε)
(κj∓γj)(1+ε)
)
d
(∓)
0 ,
d
(∓)
n+1 = 2
[(n+1+γj∓κj)κ−Zα(1+ε)][(n+γj)κ−Zαε]
(n+1)(n+1+2γj)[(n+γj∓κj)κ−Zα(1+ε)] d
(∓)
n , n ≥ 1
(45)
for the coefficients of the series v(∓) (ξ). The finiteness condition of these solutions at ξ →
∞ requires series cut-off at certain n = nr so that the coefficients vanish b(±)n = d(∓)n = 0
for all n > nr. This means that functions u(±)(ξ) and v(∓)(ξ) are polynomials. From Eqs.
(44) and (45) we get that this takes place at given nr ≥ 1 when (nr + γj)κ = Zαε, from
where we get expressions for the energies of the DE bound states (2)
ε ≡ εnr,j =
nr + γj
Nnr,j
=
√
1− Z
2α2
N 2nr,j
≡
√
1− κ2nr,j. (46)
Here κnr,j = Zα/Nnr,j is their damping, and the notation
Nnr,j =
√
(nr + γj)
2 + Z2α2 =
√
n2r + κ
2
j + 2nrγj (47)
is used.
Series cut-off at certain term nr = 0 means that the coefficients b
(±)
n = d
(∓)
n = 0 for all
n ≥ 1 at non-zero b(±)0 and d(∓)0 . Nevertheless, direct calculation shows that from relations
(44) and (45) one such possibility follows, when b(+)0 and d
(−)
0 are non-zero. Energies of
the corresponding states, ε0,j =
√
1− Z2α2/κ2j , naturally, coincide with the value (46)
at nr = 0. Similar condition for coefficients b
(−)
1 and d
(+)
1 can be satisfied at zero values
b
(−)
0 = d
(+)
0 = 0, only, which means the absence of solutions of system (39) or its trivial
solution.
Therefore, solutions of Eqs. (38) are given by functions u(±) = ξγjP (±)nr,j and v
(∓) =
ξγjQ
(∓)
nr,j
, and eigenbispinors of the discrete spectrum are given by the following expressions
Ψnr,j,mj(r) =
1
r
 e−κnr,jξξγj (P (+)nr,jχj−1/2,mj ,+ + P (−)nr,jχj+1/2,mj ,−)
e−κnr,jξξγj
(
Q
(+)
nr,j
χj−1/2,mj ,+ +Q
(−)
nr,j
χj+1/2,mj ,−
)  , (48)
in which spherical spinors χl,mj ,± (ϑ, ϕ) are defined in Eqs. (A.7), (A.8), polynomials P
(±)
nr,j
and Q(±)nr,j of the nr-th degree are given by recurrent Eqs. (44), (45). The latter for the
eigenvalues (46) take the form
P
(±)
nr,j
(ξ) =
∑nr
n=0 b
(±)
n ξn,
b
(±)
1 (nr, j) = ∓ (Nnr,j+1−nr±κj)(Nnr,j+nr∓κj)(1+2γj)(κj±γj)Nnr,j Zαb
(±)
0 ,
b
(±)
n+1 (nr, j) = 2
(n+Nnr,j+1−nr±κj)(n−nr)
(n+1)(n+1+2γj)(n+Nnr,j−nr±κj)Nnr,jZαb
(±)
n (nr, j) , n ≥ 1;
(49)
Q
(∓)
nr,j
(ξ) =
∑nr
n=0 d
(∓)
n ξn
d
(∓)
1 (nr, j) = − (Nnr,j+nr−1±κj)(Nnr,j+nr∓κj)(1+2γj)(Nnr,j+nr+γj)Nnr,j Zαd
(∓)
0 ,
d
(∓)
n+1 (nr, j) = 2
(n+1−Nnr,j−nr∓κj)(n−nr)
(n+1)(n+1+2γj)(n−Nnr,j−nr∓κj)Nnr,jZαd
(∓)
n (nr, j) , n ≥ 1.
(50)
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It follows from the above that they are composed of two independent pairs, P (+)nr,j, Q
(−)
nr,j
,
and P (−)nr,j, Q
(+)
nr,j
, so that each pair represents the solution of its ’own’ system of Eqs.
(38). It is important that coefficients of the power series in each pair are connected by
relations (42), (43). Moreover, all coefficients are expressed via the first ones, hence, only
the relation (42) can be considered, which gives
d
(−)
0 = −
√
κj − γj
κj + γj
b
(+)
0 , d
(+)
0 = −
√
κj + γj
κj − γj b
(−)
0 . (51)
From the normalization condition for bispinors one gets equation for coefficients b(±)0
I ≡ ~
mc
∫ ∞
0
e−2κnr,jξξ2γj
(
| P (+)nr,j |2 + | P (−)nr,j |2 + | Q(+)nr,j |2 + | Q(−)nr,j |2
)
dξ = 1. (52)
It is convenient to split integral (52) into two terms, I = I+ + I−, where
I± =
~
mc
∫ ∞
0
e−2κnr,jξξ2γj
(
| P (±)nr,j |2 + | Q(∓)nr,j |2
)
dξ.
Polynomials P (±)nr,j and Q
(∓)
nr,j
satisfy Eqs. (38) at eigenvalues (46), and one can show
that the corresponding solutions are expressed via generalized Laguerre polynomials:
P
(+)
nr,j
(rnr,j) = c1
(
L
2γj
nr (rnr,j)− nr+2γjNnr,j+κjL
2γj
nr−1 (rnr,j)
)
,
Q
(−)
nr,j
(rnr,j) = −c1
√
1−εnr,j
1+εnr,j
(
L
2γj
nr (rnr,j) +
nr+2γj
Nnr,j+κjL
2γj
nr−1 (rnr,j)
)
,
(53)
P
(−)
nr,j
(rnr,j) = c2
(
nr
Nn,j+κjL
2γj
nr (rnr,j)− L2γjnr−1 (rnr,j)
)
,
Q
(+)
nr,j
(rnr,j) = c2
√
1−εnr,j
1+εnr,j
(
nr
Nnr,j+κjL
2γj
nr (rnr,j) + L
2γj
nr−1 (rnr,j)
)
,
(54)
where c1 and c2 are independent constants, which play the role similar to that of coeffi-
cients b(±)0 in Eqs.(49), (50), and the notation
rnr,j ≡ 2κnr,jξ =
2Zr
rBNnr,j
(55)
is used, in which rB = ~2/me2 is Bohr radius. Expressions (53), (54) can be considered
as the transition to the normal-mode representation [6, 10, 19].
Now, using expressions (53) and (54), we calculate the integrals
I+ =| c1 |2 rB
Z (2κnr,j)
2γj
2N 2nr,jΓ (nr + 2γj + 1)
(1 + εnr,j) (Nnr,j + κj)nr!
,
I− =| c2 |2 rB
Z (2κnr,j)
2γj
2N 2nr,jΓ (nr + 2γj)
(1 + εnr,j) (Nnr,j + κj) (nr − 1)!
.
Their sum in the normalization condition (52) leads to the condition which determines
constants c1 and c2. Introducing now the common normalization constant√
2Z
rBNnr,j
Cnr,j, Cnr,j =
√
(1 + εnr,j) (Nnr,j + κj)nr!
4Nnr,jΓ (nr + 1 + 2γj)
, (56)
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we can parametrise the constants c1 and c2 as
c1 = (2κnr,j)
γj Cnr,jβ1, c2 = (2κnr,j)
γj
√
nr + 2γj
nr
Cnr,jβ2
and transform condition (52) to the equation
| β1 |2 + | β2 |2= 1. (57)
It is easy to see that this condition leaves the ambiguity in the choice of the parameters
β1 and β2, so that every choice β
(I)
1 = β1; β
(I)
2 = β2 can be juxtapose with another one
β
(II)
1 = −β∗2 ; β(II)2 = β∗1 . Two mutually orthogonal bispinors correspond to this alternative,
both belonging to the same system of eigenbispinors of DE. These two possibilities can
be distinguished by signs, e.g., by introducing the number σ = ± in such a way, that
σ = + ⇒ β(+)1 (θ, φ) = eiφ cos θ, β(+)2 (θ, φ) = e−iφ sin θ;
σ = − ⇒ β(−)1 (θ, φ) = −eiφ sin θ, β(−)2 (θ, φ) = e−iφ cos θ,
(58)
where θ and phase φ are free, spin, parameters, and normalization condition (57) is
satisfied automatically.
Defined in such a way, coefficients allow to assign index σ to two orthonormalized
bispinors:
Ψnr,j,mj ,σ(r) =
(
2Z
rBNn,j
)3/2
Cnr,je
− rnr,j
2 r
γj−1
nr,j
(
ψ˜
(u)
nr,j,mj ,σ
(rnr,j, ϑ, ϕ)√
1−εnr,j
1+εnr,j
ψ˜
(d)
nr,j,mj ,σ
(rnr,j, ϑ, ϕ)
)
. (59)
where spinors
ψ˜
(u)
nr,j,mj ,σ
= β
(σ)
1 P˜
(+)
nr,j
(rnr,j)χj−1/2,mj ,+ (ϑ, ϕ) + β
(σ)
2 P˜
(−)
nr,j
(rnr,j)χj+1/2,mj ,− (ϑ, ϕ) ,
ψ˜
(d)
nr,j,mj ,σ
= β
(σ)
2 Q˜
(+)
nr,j
(rnr,j)χj−1/2,mj ,+ (ϑ, ϕ)− β(σ)1 Q˜(−)nr,j (rnr,j)χj+1/2,mj ,− (ϑ, ϕ)
(60)
with their common multiplier define upper and lower ("small") spinors of the bispinor
(59), respectively. Constant Cnr,j in expressions (59) is defined in Eq. (56), coefficients
β
(σ)
1 and β
(σ)
2 – in Eq. (58), and dimesionless distance – in (55). Thus, polynomials (53)
and (54) can be represented in the exact form
P˜
(+)
nr,j
(x) = L
2γj
nr (x)− nr+2γjNnr,j+κjL
2γj
nr−1 (x) ,
Q˜
(−)
nr,j
(x) = L
2γj
nr (x) +
nr+2γj
Nnr,j+κjL
2γj
nr−1 (x) ,
P˜
(−)
nr,j
(x) =
√
nr(nr+2γj)
Nnr,j+κj L
2γj
nr (x)−
√
nr+2γj
nr
L
2γj
nr−1 (x) ,
Q˜
(+)
nr,j
(x) =
√
nr(nr+2γj)
Nnr,j+κj L
2γj
nr (x) +
√
nr+2γj
nr
L
2γj
nr−1 (x) ,
(61)
where x ≡ rnr,j.
Bispinors (59) define general solution of DE and describe the spectrum of bound states
(46). They are eigenbispinors of the operator set {Hˆ, Jˆ2, Jˆz, Iˆgen}, where operator Iˆgen is
defined in Eq. (13). Vector states corresponding to (59), are characterized by quantum
numbers nr, j, mj and σ, where the last one is, in fact, σgen, and defines the sign of the
12
Iˆgen eigenvalue. The square of the eigenvalue, as it can be easily checked, is expressed via
eigenvalues of all invariants, 2gen = c2Dκ2j + c2JLa2ε,j + c2BELκ2ja2ε,j.
At particular values of the free parameters, bispinors (59) are eigenbispinors of one of
the operator sets, which include invariants (5), (6) or (7). For instance, at θ = φ = 0
bispinors
Ψ
(D)
nr,j,mj ,+
(r) =
(
2Z
rBNn,j
)3/2
Cnr,je
−xnr,j
2 x
γj−1
nr,j
(
P˜
(+)
nr,j
χj−1/2,mj ,+
−
√
1−εnr,j
1+εnr,j
Q˜
(−)
nr,j
χj+1/2,mj ,−
)
,
Ψ
(D)
nr,j,mj ,−(r) =
(
2Z
rBNn,j
)3/2
Cnr,je
−xnr,j
2 x
γj−1
nr,j
(
P˜
(−)
nr,j
χj+1/2,mj ,−√
1−εnr,j
1+εnr,j
Q˜
(+)
nr,j
χj+1/2,mj ,−
) (62)
are eigenbispinors of the set {HˆD, Jˆz, Jˆ2, IˆD} with Ψ(D)nr,j,mj ,+ corresponding to positive ~κj
and Ψ(D),nr,j,mj ,− corresponding to negative −~κj eigenvalues of Dirac invariant (17). In fact,
they are Darwin solution (see [5, 6]). Worth mentioning that the polynomials P˜ (σ)nr,j and
Q˜
(−σ)
nr,j
don’t mix with one another in bispinors (62), which makes their structure relatively
simple as compared with the rest ones.
Bispinor of the general solution (59) can be represented in the form of the linear
combination of Dirac solutions (62), which play the role of DE "normal modes":
Ψnr,j,mj ,σ(r) = β
(σ)
1 Ψ
(D)
nr,j,mj ,+
(r) + β
(σ)
2 Ψ
(D)
nr,j,mj ,−(r). (63)
At the values θ = pi/4, φ = −pi/4 this bispinor takes the form
Ψ
(JL)
nr,j,mj ,σ
(r) =
1√
2
(
σe−ipi/4Ψ(D)nr,j,mj ,+(r) + e
ipi/4Ψ
(D)
nr,j,mj ,−(r)
)
, (64)
and one can see that it is the eigenbispinor of the Johnson-Lippman operator (18) with
eigenvalue σmZe2anr,j (11). Finally, at θ = pi/4, φ = 0 it is given by expression
Ψ
(BEL)
nr,j,mj ,σ
(r) =
1√
2
(
σΨ
(D)
nr,j,mj ,+
(r) + Ψ
(D)
nr,j,mj ,−(r)
)
, (65)
and, hence, is eigenbispinor of the operator (20) with eigenvalue σmZe2~κjanr,j (12). In
other words, solution (63) in one case corresponds to the set {HˆD, Jˆz, Jˆ2, IˆJL}, and in the
second one – to the set {HˆD, Jˆz, Jˆ2, IˆBEL}. Both operators, IˆJL and IˆBEL, anticommute
with IˆD (see (8)), and expressions of their eigenbispinors via functions Ψ(D)nr,j,mj ,± have the
same form [19] except for the phase of the expansion coefficients (64) and (65).
In the general case bispinor (59) corresponds to the set of operators {HˆD, Jˆz, Jˆ2, Iˆgen}.
The values of free parameters, angles θ and φ, depend on constants cD, cJL and cBEL in Eq.
(13), varying which, as it has been mentioned above, any solution can be transformed into
the other two, or, equivalently, any of the three solutions can be found from the general
one.
Eigen spectrum of the Dirac Hamiltonian is preserved and does not depend on the
choice of the operator set {HˆD, Jˆz, Jˆ2, Iˆinv}, which determines the system of eigenbispi-
nors. This is commonly known as random degeneration. According to the above, in
addition to the known invariants, IˆD and IˆJL, we have generalized this phenomenon to
the new invariant, IˆBEL, extending it to Iˆgen.
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Among the states, characterized by quantum numbers {nr, j,mj, σ}, the states with
nr = 0 are very special. It follows from the recurrent relations (49), (50) and can be
directly seen from (53), (54) that at nr = 0 the only non-zero polynomilas are P˜
(+)
0,j and
Q˜
(−)
0,j , while P˜
(−)
0,j = Q˜
(+)
0,j = 0. In these states eigenvalues of operators IˆJL and IˆBEL also
equal zero, sign σ = ± looses its meaning, and non-trivial solution for the Dirac invariant
has positive sign, only. Hence, the states with nr = 0 are described by eigenbispinors
Ψ0,j,M,+(r) =
(
2Z
rBN0,j
)3/2
C0,je
− r0,j
2 r
γj−1
0,j
(
χj−1/2,M,+ (ϑ, ϕ)
−
√
1−ε0,j
1+ε0,j
χj+1/2,M,− (ϑ, ϕ)
)
, (66)
independent on the choice of eigenbispinors system. Expression of the states with nr > 0
via bispinors (59) with free parameter indicates spatial freedom in the choice of both
charge and spin orientation distributions of particles occupying the corresponding levels.
This question will be considered in the next Section.
4. Probability density and spin orientation of electron states
It is convenient to introduce the principal quantum number [3] n = nr + κj = 1, 2, ...,
like it takes place in nonrelativistic theory of hydrogen atom, and to characterize the
stationary states given by bispinors (59) by the set of quantum numbers {n, j,mj, σ}
where the principal quantum number n takes positive integer values n = 1, 2, . . ., quantum
number of the total angular momentum j takes positive semi-integer values in the range
1/2 ≤ j ≤ n− 1/2 (1 ≤ κj ≤ n), magnetic quantum number mj takes semi-integer values
in the range −j ≤ mj ≤ j, and the number σ takes two values σ = ±1 except the states
with the maximal value of j for the given n, for j = n − 1/2 (κj = n) only one value
σ = +1 is allowed. The radial quantum number nr which determines the polynomials
order in (59), equals nr = n− κj.
In this case the energies (46) can be re-written in the form
εn,j =
√
1− Z
2α2
(n−∆j)2 + Z2α2
=
n−∆j
Nn,j , (67)
where the value
∆j = κj −
√
κ2j − Z2α2 =
Z2α2
κj +
√
κ2j − Z2α2
, κj = j +
1
2
(68)
characterizes fine relativistic splitting of energy levels (67) with given n, and
Nn,j =
√
(n−∆j)2 + Z2α2 =
√
n2 − 2∆j (n− κj). (69)
Eigenbispinors of the states with j = n− 1/2 (κj = n), for which Nn,j = n (see (69))
and when the polynomials of the order nr = n − κj = 0 are reduced to constants, are
determined by the expression (66). Their energy levels are given by expressions
εn,n−1/2 ≡ εn =
√
1− Z2α2/n2 = γn/n, γn =
√
n2 − α2Z2 (70)
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and are 2n times degenerate in accordance with the value of the magnetic quantum number
mj = ±1/2, . . . , ±(n− 1)/2. The rest n− 1 levels (at n ≥ 2, j < (2n− 1)/2) of the fine
structure of each multiplet are described by spinors (59) with polynomials of the order
nr = n−κj ≥ 1, in whichmj takes 2(n−nr) values, and σ takes both signs. Therefore, the
corresponding level of the fine structure is 4(n− nr) times degenerate, which means that
2n+ 4
∑n−1
nr=1
(n− nr) = 2n2 states correspond to the same principal quantum number n.
Taking into account the explicit form of bispinors, it is easy to write down the square
of the spinor field amplitude
wn,j,mj ,σ = Ψ
†
n,j,mj ,σ
(r)Ψn,j,mj ,σ(r) =| ψ(u)n,j,mj ,σ |2 +
1− εn,j
1 + εn,j
| ψ(d)n,j,mj ,σ |2, (71)
which characterises the distribution of the probability amplitude of electron presence on
the given orbital, and to find charge spherical distribution r2 | Ψn,j,mj ,σ(r) |2.
Another important and interesting characteristics of quantum states is electron spin
orientation which is given by the meanvalue
Ψ†n,j,mj ,σ(r)ΣˆΨn,j,mj ,σ(r) = ψ
(u) †
n,j,mj ,σ
σˆψ
(u)
n,j,mj ,σ
+
1− εn,j
1 + εn,j
ψ(d)
†
n,j,mj ,σ
σˆψ
(d)
n,j,mj ,σ
. (72)
It seems so far to our knowledge, the spatial dustribution of this value is unknown because
it has not been studied before.
In view of the smallness of the parameter Zα  1, contribution of the lower spinor
of the order |Zα|2  1 in these expressions is negligibly small and can be ignored. By
the same reason the upper spinor can be expanded with respect to the small parameter,
and terms ∼ Z2α2 can be omitted. In fact, this corresponds to the nonrelativistic ap-
proximation when only upper spinor without account of relativistic corrections in it, is
used to calculate the corresponding meanvalues. In this approximation the upper spinor
is reduced to nonrelativistic Pauli one,
ψ
(P )
n,j,mj ,σ
= β
(σ)
1 R
(+)
n,j (r)χj−1/2,mj ,+ (ϑ, ϕ) + β
(σ)
2 R
(−)
n,j (r)χj+1/2,mj ,− (ϑ, ϕ) , (73)
where
R
(±)
n,j =
(
2Z
Nn,jrB
)3/2
Cn,je
−rn,j/2rγj−1n,j P˜
(±)
n,j (rn,j),
rn,j is the dimensionless radius (see (55)) and Nn,j is determined in (69) (in view of the
smallness of the parameter α  1 at not too large Z the value Nn,j is numerically close
to the principal quantum number value, Nn,j ' n). Finally, P˜ (±)nr,j are polynomilas of the
order nr = n− κj and Cn,j is normalization constant determined in Eq. (56).
So we get that charge density is characterized by the function
wn,j,mj ,σ '| ψ(P )n,j,mj ,σ |2, (74)
and spin orientation by the unit vector
sn,j,mj ,σ '
ψ(P )
†
n,j,mj ,σ
σˆψ
(P )
n,j,mj ,σ
wn,j,mj ,σ
. (75)
As it has been discussed above, the states on the levels with the value j maximal at
the given principal quantum number n, i.e., at j = n − 1/2, are described by bispinors
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(66) in which P˜ (−)0,j = Q˜
(+)
0,j = 0, which makes these states different from the rest ones.
In particular, the ground level n = 1 and states on the multiplets upper levels at n ≥ 2
belong to such states. In the non-relativistic case they correspond to Pauli spinors
ψ
(P )
n,n−1/2,mj (r) =
(
2Z
nrB
)3/2
1√
(2n)!
e−rn/2rn−1n χn−1,mj ,+ (ϑ, ϕ) .
Probability density and spin orientation on the corresponding orbits are given by expres-
sions
wn,n−1/2,mj = ρn (r)χ
†
n−1,mj ,+χn−1,mj ,+, ρn (r) =
(
2Z
nrB
)3
1
(2n)!
e−rnr2(n−1)n ,
sn,n−1/2,mj (ϑ) = χ
†
n−1,mj ,+ (ϑ, ϕ) σˆχn−1,mj ,+ (ϑ, ϕ) ,
from which it follows that both characteristics in these Pauli states are determined by
spherical harmonics spinors χn−1,mj ,+ and radial functions. For example, two spinors
correspond to the ground state n = 1,
χ0, 1
2
,+ =
1√
4pi
(
1
0
)
, χ0,− 1
2
,+ =
1√
4pi
(
0
1
)
, (76)
which gives w1,1/2,±1/2 = ρ1 (r) /4pi and s1,1/2,±1/2 = ±ez.
The upper level E2,3/2 of the doublet for n = 2 is described by four spinors
χ1, 3
2
,+ = −i
√
3
8pi
eiϕ sinϑ
(
1
0
)
, χ1,− 3
2
,+ = i
√
3
8pi
e−iϕ sinϑ
(
0
1
)
,
χ1, 1
2
,+ =
i√
8pi
(
2 cosϑ
−eiϕ sinϑ
)
, χ1,− 1
2
,+ =
i√
8pi
(
e−iϕ sinϑ
2 cosϑ
)
,
from where it follows that
w2,3/2,±3/2(r) =
3
8pi
ρ2 (r) sin
2 ϑ; s2,3/2,±3/2 = ±ez,
w2,3/2,±1/2(r) =
1
8pi
ρ2 (r)
(
1 + 3 cos2 ϑ
)
, s2,3/2,±1/2 = ±(5 cos
2 ϑ− 1) ez − 2 sin 2ϑeρ
1 + 3 cos2 ϑ
.
Worth mentioning another peculiarity, discovered by Hartree [23], of the states on these
levels, which complete population of the n-th shell3 of the hydrogen-like spectrum: sum-
ming probabilities wn,j=n−1/2,mj by mj from mj = +1/2 up to mj = +j gives spherically
symmetric charge distribution. In particular, one can see that w2,3/2,±1/2 + w2,3/2,±3/2 =
ρ2 (r) /2pi.
The states on the rest sublevels of the multiplets with n ≥ 2 and j < n − 1/2 are
characterized by additional quantity σ = ± and significantly depend on the invariant
they correspond to. Darwin solution corresponds to the states with certain value of Dirac
invariant and is described by bispinors (62). In Ref. [24] the probability amplitude (71)
3The terminology is used when electrons with the principal quantum numbers n = 1, 2, 3, . . . are called
electrons on the K−, L−,M−, . . . shells [22].
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for this solution is given in graphical presentation, and it is shown that in view of the
fine structure constant smallness radial distributions, corresponding to Shro¨dinger and
Dirac functions, are almost identical. This means that for Darwin solution the expression
(74) with spinors (73) at β(+)1 = 1, β
(+)
2 = 0, and β
(−)
1 = 0, β
(−)
2 = 1 reproduces Eq.
(71) with high accuracy. Therefore, in this case the radial distribution of the electron
cloud is also determined by the radial functions R(±)n,j , while angular dependence and
spin orientation are described by spinors χj∓1/2,mj ,±. They are characterized by integer
numbers l = j ± 1/2, and although the number l does not have physical meaning of
the quantum number, characterizing eigenvalues of the operator L2 as an integral of
motion, the states with l = 0, 1, 2, . . . are conventionally marked by letters s, p, d, . . ..
The states on the lower level E2,1/2 of the doublet n = 2 are given by Pauli spinors
ψ
(Drw)
2,1/2,mj ,+
= R
(+)
2,1/2χ0,mj ,+ and ψ
(Drw)
2,1/2,mj ,− = R
(−)
2,1/2χ1,mj ,− and are defined as 2s1/2 and
2p1/2 states, respectively. In them, neglecting corrections ∼ Z2α2, the radial functions
R
(+)
2,1/2 =
1√
2
(
Z
rB
)3/2
e−r2/2
(
1− 1
2
r2
)
, R
(−)
2,1/2 = −
1
2
√
6
(
Z
rB
)3/2
e−r2/2r2
coincide with the radial functions of the Schro¨dinger equation, spinors χ0,mj ,+ are given
in Eq. (76), and
χ1, 1
2
,− (ϑ, ϕ) =
−i√
4pi
(
cosϑ
eiϕ sinϑ
)
, χ1,− 1
2
,− (ϑ, ϕ) =
i√
4pi
( −e−iϕ sinϑ
cosϑ
)
.
Taking these relations into account, we come to
w
(Drw)
2,1/2,±1/2,+ = ρ
(Drw)
2,+ (r) =
(
Z
rB
)3
1
8pi
e−r2
(
1− 1
2
r2
)2
, s2,1/2,±1/2,+ = ±ez,
w
(Drw)
2,1/2,±1/2,− = ρ
(Drw)
2,− (r) =
(
Z
rB
)3
1
96pi
e−r2r22, s2,1/2,±1/2,− = ± (cosϑer + sinϑeϑ) ,
where er and eϑ are orts in spherical coordinate system. From the given above proba-
bility densities we see, and this has been observed by White [24], that in the states with
certain value of Dirac invariant not only s-state, but also the state 2p1/2 reveals spherical
symmetry.
Nonetheless, since the invariant itself is not determined a priori, the states must be
described by general solution, i.e., by bispinors (59) or (63), or in the non-relativistic limit
by Pauli spinors (73)) with two free parameters
(
β
(σ)
1 , β
(σ)
2
)
that characterize spin degree
of freedom which is manifested on these multiplet sublevels. Thus, in the general case the
states on the E2,1/2 level are given by Pauli spinors
ψ
(P )
2,1/2,mj ,σ
= β
(σ)
1 R
(+)
2,1/2 (r)χ0,mj ,+ + β
(σ)
2 R
(−)
2,1/2 (r)χ1,mj ,− (ϑ, ϕ) . (77)
and spherical symmetry of the probability density in these states is broken. Recall, if
the sign σ = + corresponds to pair (β1, β2), then the opposite sign σ = − corresponds
to – (−β∗2 , β∗1) at | β1 |2 + | β2 |2= 1. In this case not only spherical symmetry, but
also symmetry with respect to reflection from the xy-plane perpendicular to the polar
axis, are broken. This is due to the fact that Johnson-Lippman invariant operator (6),
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unlike Dirac operator (5), does not commute with the inversion operator, and, therefore,
the general solution doesn’t possess certain pairity. The same conclusion is valid for the
invariant IˆBEL.
Variation of the parameters β1 and β2 in expression (73) determines the deformation of
electron cloud and changes of spin orientation which are mutually connected. In all cases
the states with positive and negative values of the magnetic number mj have the same
probability density distribution, but opposite spin orientation. Taking into account the
symbols used in quantum chemistry, expression (77) can be considered as sp-hybrydization
of the states on this level.
Figures 1–6 show different presentations, described in figure captions, of the electron
probability distributions for some energy states that correspond to different invariants, at
the principal quantum number n = 2. These figures demonstrate how the probability dis-
tribution changes depending on the spin invariant. On the other hand, spin distributions
also significantly change and for each invariant are given by different expressions.
Figure 1: Probability distribution for Dirac invariant, n = 2, j = 1/2, m = ±1/2, /, σ = +: (a)
probability distribution in the plane (z, ρ); (b) isoenergy lines; (c) legend of Fig.1(b); (d) probability
distribution in the Cartesian coordinate system.
Figure 2: Probability distribution for Dirac invariant, n = 2, j = 1/2, m = ±1/2, σ = −: (a) probability
distribution in the plane (z, ρ); (b) isoenergy lines; (c) legend of Fig.2(b); (d) probability distribution in
the Cartesian coordinate system.
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Figure 3: Probability distribution for Johnson-Lippman invariant, n = 2, j = 1/2, m = ±1/2, σ = +:
(a) probability distribution in the plane (z, ρ); (b)isoenergy lines; (c) legend to Fig.3(b); (d) probability
distribution in the Cartesian coordinate system.
Figure 4: Probability distribution for Johnson-Lippman invariant, n = 2, j = 1/2, m = ±1/2, σ = −:
(a) probability distribution in the plane (z, ρ); (b) isoenergy lines; (c) legend to Fig.4(b); (d) probability
distribution in the Cartesian coordinate system.
Figure 5: Probability distribution for BEL invariant, n = 2, j = 1/2, m = ±1/2, σ = ±: (a) probability
distribution in the plane (z, ρ); (b) isoenergy lines; (c) legend to Fig.1(b); (d) probability distribution in
the Cartesian coordinate system.
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Figure 6: Contour plot of the electron probability distribution in the Cartesian coordinate system for the
probability value |Ψ(±)2,1/2,±1/2|2 = 0.012 for BEL invariant, n = 2, j = 1/2, m = ±1/2, σ = ±.
5. Conclusions
As it has been shown above, in the Coulomb potential there exist additional to the
known before operator invariants for the DE (namely, the Hamiltonian, Dirac or Johnson-
Lippman invariant, square of the total angular momentum and one of its projections)
invariant IˆBEL, determined in (7), which commutes with the Hamiltonian, but does not
commute with the operators it is constructed from. The vector states corresponding to
different invariant sets, are characterized by different eigenbispinors of DE with different
spatial properties and different spin polarizations. Since there exists more than one such
set, there exists the generalized invariant in the form of a linear combination (13), and,
therefore, the general solution of DE with the Coulomb potential contains free parame-
ters, as we have shown above (see (59). Variation of these free parameters transforms one
solution into any other. Moreover, the free parameters in the general solution of DE con-
trol not only spatial probability density, but also spin polarization of electrons, providing
in such a way physical difference of the states corresponding to different invariants.
Based on this study, one can formulate the following general statement: if a spin
invariant has a diagonal block matrix structure, then the form of the spin-orbit interaction
operator that is used in relativistic quantum mechanics, is preserved and is proportional to
the product l ·s. If the matrix of a spin invariant is not diagonal, as it takes place for spin
invariants IˆJL and IˆBEL, then the form of the spin-orbit interaction operator is different.
Namely such situation takes place in the case of two-dimensional electron gas, for which
there exist the cases when the spin-orbit interaction operator has the form different from
the standard one, because the corresponding spin invariant matrix is non-diagonal.
This together is a direct manifestation of the spin states variability of the corresponding
levels in the hydrogen-like spectrum. This can open new perspectives for spintronics
devices, used in spincaloritronics, heat-to-spin conversion, energy harvesting, etc., for
spin-orbit torque devices used in electric magnetization switching, for design of quantum
materials [25, 26, 27], as well as for spin chemistry and relativistic chemistry [28, 29, 30,
31, 32]. A significant advantage of the studied in the present paper effect is the fact that
it gives a possibility to govern spin states at minimal energy expenses. According to the
obtained above results, energy of the different spin states at the same values of other
quantum numbers are equal, and a small external factor, e.g., the one broking inversion
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symmetry, can be enough to cause electron transition from one spin orientation to another
one. For instance, spin-orbit torque devices are not only much faster and more robust,
but they also consume less power as compared to spin-transfer torque devices (see [33]).
Another field where this property is of potential importance, are biological systems, in
which atoms with hydrogen-like spectrum are abandon. In these systems electrons play
essential role not only in the storage and transport of energy and information, but also
in biorecognition connected with the spin selectivity and chiral-induced spin selectivity
(CISS), when electron transfer through diamagnetic material (macromolecules in the case
of biological systems) results in specific spin states of electrons [34, 35, 36] which is
attributed to spin-orbit interaction.
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gram KPKVK 6541230 and the scientific program 0117U00236 of the Department of
Physics and Astronomy of the National Academy of Sciences of Ukraine.
Appendix A. Eigenspinors Λˆ
According to Eq. (25), dependence of the bispinor components on the variable ϕ is
defined, and, therefore, solution of the spinor equation Λˆχλ = ~λχλ can be searched for
in the form
χλ (ϑ, ϕ) =
(
eim1ϕf1 (θ)
eim2ϕf2 (θ)
)
, (A.1)
where m1 = mj−1/2, m2 = mj+1/2, so that m2−m1 = 1. The equation itself represents
the system of equations for components fν (θ), namely
−df2(ϑ)
dϑ
−m2 cotϑf2 (ϑ) = (λ−m2) f1 (ϑ) ,
df1(ϑ)
dϑ
−m1 cotϑf1 (ϑ) = (λ+m1) f2 (ϑ) .
(A.2)
It is easy to see that this system of the first order equations for the the two functions can
be reduced to one equation of the second order for each function:
1
sinϑ
d
dϑ
(
sinϑ
dfν (ϑ)
dϑ
)
− m
2
ν
sin2 ϑ
fν (ϑ) + λ (λ− 1) fν (ϑ) = 0. (A.3)
So, spinor components are described by the equation well known in theory of spherical
functions. It admits solutions that satisfy finiteness and unambiguity conditions, provided
equality takes place
λ (λ− 1) = l (l + 1) , (A.4)
only. Here l takes positive integer values l = 0, 1, 2, . . . with l ≥ |mν |, and the solutions
represent associated Legendre polynomials P |mν |l (cosϑ). This means that eigenvalues λ
must satisfy equality (A.4) which has two solutions
λ1 = l + 1, λ2 = −l, (A.5)
one of which has positive sign, and another one - negative due to number l positiveness.
Therefore, eigenspinors Λˆ are spinors χl,M,+ and χl,M,− which satisfy equation Λˆχλ =
~λχλ with positive λ = l + 1 and negative λ = −l eigenvalue, respectively. The spinor
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components, with the accuracy of constant multiplier, are expressed via Legendre poly-
nomails
f1,± (ϑ, ϕ) = A±eim1ϕP
m1
l (cosϑ) , f2,± (ϑ, ϕ) = B±e
im2ϕPm2l (cosϑ) ,
where sign +(−) corresponds to spinor with positive (negative) eigenvalue.
Substituting these expressions into Eqs. (A.2) and requiring their identical validity,
we get the general relation for the constants: A± = (λ+m1)B± which gives
A+ = (l + 1 +m1)B+, A− = − (l −m1)B−, (A.6)
for each eigenstate λ, and the normalization condition completely determines the coeffi-
cients.
So we conclude that eigenspinors Λˆ are known [4] spherical spinors4
χl,mj ,+ (ϑ, ϕ) = i
l
 √ (l+1+m1)(l−|m1|)!4pi(l+|m1|)! eim1ϕPm1l (cosϑ)√
(l+1−m2)(l−|m2|)!
4pi(l+|m2|)! e
im2ϕPm2l (cosϑ)
 , (A.7)
χl,mj ,− (ϑ, ϕ) = i
l
 −√ (l−m1)(l−|m1|)!4pi(l+|m1|)! eim1ϕPm1l (cosϑ)√
(l+m2)(l−|m2|)!
4pi(l+|m2|)! e
im2ϕPm2l (cosϑ)
 , (A.8)
in which the numbers mj were defined in (24).
References
[1] P.A.M. Dirac, Proc. Roy. Soc. A 117, 610 (1928).
[2] P.A.M. Dirac, The Principles of Quantum Mechanics, Oxford at the Clarendon Press,
1958.
[3] Hans A. Bethe and Edwin E. Salpeter, Quantum Mechanics of One- and Two-
Electron Atoms, Springer-Verlag, Berlin-Gøttingen-Heidelberg, 1957.
[4] V.B. Berestetskii, E.M. Lifshitz, L.P. Pitaevskii. Relativistic Quantum Theory. Part I.
[L.D. Landau, E.M. Lifshitz. Course of Theoretical Physics. Volume IV. ]. Pergamon
Press; 1st edition (1971)
[5] C.G. Darwin, Proc. R. Soc. Lond. A 118, 654 (1928).
[6] W. Gordon, Z. Phys. 48, 11 (1928).
[7] L. Davis, Phys. Rev. 56, 186 (1939).
[8] P.C. Martin and R.J. Glauber, "Relativistic Theory of Radiative Orbital Electron
Capture", Phys. Rev. 109, No 4, pp. 1307-1325 (1958).
4Notice, normalization condition for spinors defines the incoming constants up to the phase multiplier.
In Eqs. (A.7) and (A.8) it is equal to il and is introduced according to the general theory of momenta
summing for Jˆ = Lˆ + (~/2)Σˆ [22].
22
[9] C. Biedenharn, "Remarks on the Relativistic Kepler Problem", Phys. Rev. 126, No
2, 845-851 (1962).
[10] R. A. Swainson and G. W. F. Drake, "A unified treatment of the non-relativistic and
relativistic hydrogen atom I: the wavefunctions", J. Phys. A: Math. Gen. 24 (1991)
79-94.
[11] M.H. Al-Hashimi, A.M. Shalaby, and U.-J. Wiese, "Fate of Accidental Symmetries of
the Relativistic Hydrogen Atom in a Spherical Cavity", INT, Washington University,
Seattle, U.S.A., Preprint: INT-PUB-15-009 (2015); arXive: 1504.04269v1 (2015).
[12] J. McConnell, Quantum Particle Dynamics, North-Holland Publishing Company,
Amsterdam, 1960.
[13] A.S. Davydov. Quantum Mechanics. Elsevier. 2nd ed. ISBN: 9780080204383,
9781483187839. 1965.
[14] A. Messia. Quantum Mechanics. V. 2, Elsevier, Amsterdam, 1981.
[15] Hans A. Bethe. Intermediate Quantum Mechanics, W. A. Benjamin, Inc. New York
– Amsterdam, 1964.
[16] M. H. Johnson, B. A. Lippmann, Phys.Rev. 78, 329(A), (1950).
[17] C. V. Sukumar, "Supersymmetry and the Dirac equation for a central Coulomb field",
J. Phys. A: Math. Gen. 18, L697-L701 (1985).
[18] P. D. Jarvist and G. E. StedmanS "Supersymmetry in second-order relativistic equa-
tions for the hydrogen atom", J. Phys. A: Math. Gen. 19, 1373-1385 (1986).
[19] J. P. Dahl and T. Jørgensen, "On the Dirac-Kepler Problem: The Johnson-Lippmann
Operator, Supersymmetry, and Normal-Mode Representations", International Jour-
nal of Quantum Chemistry, Vol. 53, 161 -181 (1995).
[20] A.S. Stodolna, A. Rouze´e, F. Le´pine, S. Cohen, F. Robicheaux, A. Gijsbertsen, J.H.
Jungmann, C. Bordas, and M.J.J. Vrakking, Phys. Rev. Lett. 110, 213001 (2013).
[21] A. Eremko, L. Brizhik, V. Loktev. "General solution of the Dirac equation for quasi-
two-dimensional electrons". - Annals of Physics, V. 369, p. 85–101 (2016).
[22] L.D. Landau, E.M. Lifshitz. Quantum Mechanics. (Non-Relativistic Theory).
Butterworth-Heinemann; 3 edition (January 15, 1981). ISBN-13: 978-0750635394.
[23] D.R. Hartree, Proc. Cambridge Philos. Soc., 25, 225 (1929).
[24] H.E. White, "Pictorial representation of Dirac electron cloud for hydrogen-like
atoms", Phys Rev 38, 513-520 (1931).
[25] R. Naaman and D. Waldeck, “Spintronics and Chirality: Spin Selectivity in Electron
Transport through Chiral Molecules,” Annual Rev. Phys. Chem. 66 263–81 (2015).
doi:10.1146/annurev-physchem-040214-121554.
23
[26] K. Michaeli, V. Varade, R. Naaman, D. H. Waldeck et al., “A New Approach Towards
Spintronics – Spintronics with No Magnets,” J. Phys.: Cond. Matt. 29 103002 (2017),
doi:10.1088/1361-648X/aa54a4.
[27] A. Chernyshov, M. Overby, X. Liu, J. K. Furdyna, Y. Lyanda-Geller, and L.P.
Rokhinson, “Evidence for reversible control of magnetization in a ferromagnetic ma-
terial by means of spin–orbit magnetic field,” Nature Physics 5 656 (2009).
[28] R. Rosenberg, M.A. Haija and P.J. Ryan, “Chiral-Selective Chemistry Induced by
Spin-Polarized Secondary Electrons from a Magnetic Substrate,” Phys. Rev. Lett.
101 178301 (2008). doi:10.1103/PhysRevLett.101.178301.
[29] Al-Bustami H., Koplovitz G., Primc D., Yochelis S., Capua E., Porath D., Naa-
man R., Paltiel Y. Single Nanoparticle Magnetic Spin Memristor. Small. 14 (2018)
e1801249. doi: 10.1002/smll.201801249. Epub 2018 Jun 27.
[30] W. Liu, "Essentials of relativistic quantum chemistry", J. Chem. Phys. 152, 180901
(2020); doi: 10.1063/5.0008432.
[31] P.J. Hore, Konstantin L. Ivanov, and Michael R. Wasielewski, "Spin chemistry", J.
Chem. Phys. 152, 120401 (2020); doi: 10.1063/5.0006547.
[32] J. Matysik, "Spin Chemistry: Coherent Spin Dynamics Rules Chemical Reactions",
Appl. Magn. Reson. 42, 1–3 (2012); DOI 10.1007/s00723-011-0304-7.
[33] Y. Li, K. W. Edmonds, X. Liu, H. Zheng, and K. Wang, “Manipulation of magneti-
zation by spin-orbit torque,” Advanced Quantum Technologies 2, 1800052 (2018).
[34] K. Michaeli, N. Kantor-Uriel, R. Naaman, and D.H. Waldeck, “The Electron’s Spin
and Molecular Chirality: How Are They Related and How Do They Affect Life
Processes?” Chem. Soc. Rev. 45 6,478–87 (2016). doi:10.1039/C6CS00369A.
[35] Varade V., Markus T., Vankayala K., Friedman N., Sheves M., Waldeck D.H., Naa-
man R. Bacteriorhodopsin based non-magnetic spin filters for biomolecular spintron-
ics. Phys Chem Chem Phys. 20 1091-1097 (2018). doi: 10.1039/c7cp06771b.
[36] S. Zo¨llner, S. Varella, E. Medina, V. Mujica, C. Herrmann. Chiral-Induced Spin
Selectivity: A Symmetry Analysis of Electronic Transmission. ChemRxiv. Preprint.
https://doi.org/10.26434/chemrxiv.8325248.v2
24
